A quantum mechanical model for the systems consisting of interacting bodies is considered. The model takes into account the noncommutativity of the space and impulse operators and the correlation equations for the indeterminacy of these quantities. The noncommutativity of the operators is here a result of the action of the interparticle forces and represents a natural generalization of the conventional commutation relation for the space and impulse operators for a single particle. The efficiency of the model is demonstrated by specific calculations concerning several wellknown atomic systems.
1.
Introduction.
Earlier, in Refs. [1] - [2] , there has been put forward the idea that the coordinate and impulse operators for different particles may be not commutative, based on the following arguments: "Abandoning the implicit assumption that the interactions can propagate with finite velocity results in the noncommutativity of the coordinate and impulse operators for different particles". In this paper, we develop this idea, namely, we give a little different physical substantiation for the fact of noncommutativity of the above operators (as compared to Refs. [1] - [2] ), and introduce the correlation equations (CE) for the indeterminacy of coordinates and impulses of different particles. This latter circumstance (i.e., introducing CE) has, actually, changed the meaning of the model from exclusively "theoretical and philosophical" to the " theoretical and applied" one, and, therefore, made it possible to perform the high precision specific calculations [1] - [2] .
Below, within the framework of the NOCE model (the NOCE model means the noncommutativity of the operators and the correlation equations), we are going to write and examine in detail the equations for the ground and some excited states of Hydrogen-like (H-like) atoms.
Before we proceed to formulating the NOCE model, let us mention that, in quantum mechanics, the many-particle Schrodinger equation (SE) for non-interacting particles and SE for a system of interacting particles differ only in the presence or absence of the terms containing the potential V ij . In actual fact, however, the case with the interaction is fundamentally different from the one with V ij ≡ 0. As follows from the analysis, the many-particle SE alone is insufficient for a more accurate description of quantum systems with V ij ≡ 0. Let us give a try to briefly formulate the basic points of this analysis starting at the moment of the "emergence" of SE.
As is well known, in order to write SE, one needs to apply the formal transformation
to the classical system E = H(p j , q j )
under consideration. Here p j , q j is a pair of the canonically conjugate coordinates (the impulse and space coordinate) of the j−th particle. To avoid ambiguity, it is understood (see, for instance, [3] ) that the transformation (1) has to be applied only in the case that the independent coordinates q j are the Cartesian ones. It is clear that obtaining the operator equation for the wave function Ψ(1, 2, ..., A) in such a way may not be considered as a rigorous deduction of the equation of motion (meaning the SE); the latter is, as mentioned in [4] , "the generalization of the experimental facts". One of the important results of such a quantum mechanical "generalization of the experimental facts" is the commutation relation for the operators of the generalized coordinate q and its conjugate impulse p
This basic relation is valid for arbitrary quantum objects of microcosm. What physics underlies Eq.(3)? This question, which attracted attention of the founders of the quantum theory (see, for instance, [5] - [7] ) remains of interest nowadays as well (in this connection we can cite the original and to some extent unexpected results of A.D.Sukhanov [8] - [9] ). The commonly accepted interpretation of the relation (3) amounts to the statement that the physical quantities q, p associated with the operators q and p can be found simultaneously only with the accuracy △q△p ≥h 2 .
In other words, the inaccuracies in the measurements of the impulse and coordinate of a particle turn out to be the correlated ones.
Up to now, we considered the conjugate coordinates of the same (single) particle, where the situation appears rather clear. Consider now a set of A particles interacting due to some potential V . A question arises, is there a correlation in the inaccuracies in the simultaneous measurements of the impulses and coordinates, provided that these latter correspond to different particles? As is known, the conventional theory gives here a negative answer, which is, in our opinion, not quite correct. Really, let us admit, for instance, that the interaction between the particles 1 and 2 is strong to the extent that these latter can be observed in experiments as a single massive particle. In this case the presence of the correlation between the inaccuracies in the measurements of the coordinate of the 1-st particle and the impulse of the 2-nd particle is beyond any doubt. For a weak interaction, these correlations may be almost invisible in experiments, however, in principle, they must exist.
2.
The formulation of the model.
After this introduction, let us formulate the NOCE model. First, for the sake of simplicity, we consider the case of two interacting quantum particles with the masses m 1 and m 2 , respectively, measured before they form the bound system. Let us begin with the commutation relations for the conjugate coordinates r 1 , r 2 , and p 1 , p 2 . In the NOCE model they read
where (x k , y k , z k ) -are the Cartesian coordinates of the k-th particle, and
is the associated impulse operator of the l-th particle, more exactly,
It should be noted that the Planck constanth and the quantities β kl play here the role of the commutation parameters of the theory. The numerical values for β kl depend, in contrast toh, on the nature of the specific particles under consideration. The range for the quantities β kl represents, according to the physical sense, the interval [0 < β kl ≤ 1]; also, it is clear that in the case k = l the strong inequality β kl ≪ β ll holds. The commutation relation for the operator of the total impulse of the systemP =p 1 +p 2 and the space coordinates of the particles can be written in the form [1] :
Examine now the Hamilton function H. For two classical particles it reads
i.e., taking into account (6), we obtain the following SE
As can be seen, Eq(9) differs from the conventional SE only by the modifications in the particle masses m
The next problem should be, evidently, the determination of these modified masses m ′ 1 and m ′ 2 . For this purpose, we consider the process of the measurement of the coordinate of the 1-st particle x 1 , which is carried out with the maximum precision (this is a common treatment for evaluating the quantum mechanical averages; see, for instance [10] ). The maximum precision in the measurement of the coordinate of the particle is, apparently, limited by its Compton wave length, i.e.,
In the course of the measurement of x 1 , the second particle acquires, due to the interaction between the 1-st and the 2-nd particles, the impulse
where |F | ≡ Ψ(1, 2)|F 12 |Ψ(1, 2) is the matrix element of the force calculated with the wave functions Ψ(1, 2), and the quantity ∆t is the interaction time. For the latter, one can take the so-called "passing time" for the 1-st particle ∆t = ∆x 1 c .
Taking into account the relations (11) and (13), we rewrite (12) in the form
For further consideration, it is advisable to examine, along with the Heisenberg indeterminacy relations
the corresponding correlation equations
Then, the impulse of the 1-st particle obtained by the measurement of the coordinate x 1 equals, according to (16) and (11),
The magnitude of the correlation factors γ kl may not be equal to zero, as follows from the definition (16) ; for this reason the division by γ kl in (17) (14), (17) , and, on the other hand, from the correlation equations (16), yields
The second equality needed has to be found similarly to Eq. (18) provided that the particles 1 and 2 exchange their roles. Thus, we obtain
One more pair of equations, which establishes the connection between the diagonal (k = l) and nondiagonal (k = l) quantities β kl , can be found from the commutation relations (5) and (7),
Finally, the equations (18), (19) , and (20) yield the sought-for commutation parameters β 11 and β 22 as a function of the matrix element (ME) of the force |F | and the correlation factors γ 12 , γ 21
As a result, the problem of two interacting particles is reduced to solving SE (9) with particle masses m Note that the NOCE model under consideration can be applied to the stationary states Ψ(1, 2) = exp[i Ē h t] · ψ(r 1 , r 2 ) only. In general case including the nonstationary states, this model needs essential modification. The basis of the theory should, as mentioned in Refs. [8] - [9] , probably, constitute the Schrödinger indeterminacy relations (∆q)
instead of the Heisenberg indeterminacy relations (4) . Here the generalized correlator |R qp | = σ 2 qp + c 2 qp represents a complex number with the imaginary part c qp =h 2 (for the stationary states σ qp = 0).
Thus, the bound states of two particles are described in the NOCE model by the following equations:
Specific solutions to these equations can be found by the method of successive iterations, where at the 1-st step the conventional SE with the masses m 1 and m 2 , which the particles have in the absence of the interaction (β 11 = β 22 ≡ 1), has to be solved. After that, on finding the wave function ψ, one can calculate ME of the force |F | and the first values of the commutation parameters β 11 and β 22 distinct from unity. At the 2-nd step, SE is solved with the modified particle masses m . On finding the new ψ, we calculate the quantity |F | and compare it with the one obtained at the 1st step. Then, we proceed with the iterations until the values of ME of the force |F | obtained at subsequent steps will be virtually indistinguishable. It is clear that, before starting the above iteration process, we should specify the numerical values for the correlation factors γ 12 and γ 21 entering Eqs.(23). To calculate them, one can employ specific parameters of a given system based on reliable experimental data. The way to practically implement this will be described in detail hereinafter.
Hydrogen-like atoms
Let us first apply the NOCE model for two interacting bodies under consideration to Hydrogen atom and some similar atoms (H-like atoms). For stationary states, the system of equations (23) has the form
where m e , m H are the electron and Z-nucleus masses, respectively; |F | ≡ ψ(1, 2)| 
results in the factorization of the wave function ψ(1, 2) = Φ(R c.m. )·ψ(r). Of physical interest therewith is the function
only, with Y lm (θ, ϕ) being the spherical functions [11] . The function R nl (r) has to be found from the so-called radial SE
The latter yields for the bound states the solution (see, for instance [12] )
where L α n are the generalized Laguerre polynomials [13] , µ ′ is the modified reduced mass, a o is the radius of the 1-st Bohr orbital, which are, respectively, given by
The explicit form of the known equations given in the relations (27)- (29) is needed to find some algebraic equation. Its solution, in this specific case, can make the above iteration procedure unnecessary. For this purpose, we write ME of the force |F | on the functions ψ nlm
For the ground state
ME of the force is f 10 = 2 Z e 2 (Z/a o ) 2 . As is seen from the above relations, the quantity f nl depends on the Bohr radius a o , as well as the wave function ψ nlm . The Bohr radius, in turn, is the function of f nl . Really, the relations (29) and (24) yield
By substituting this expression into the formula (30), we obtain the sought-for equation for f nl
where α ≡ e 2 /hc is the fine structure constant and the quantity ξ ≡ ε 1 /ε 2 . The equation (33) enables us to determine ME of the force f nl without any iteration procedures and to find after that the magnitudes of the "inertial" particle masses m ′ 1 and m ′ 2 , which have to be substituted into SE. The energy spectrum of the bound states of the H-like atoms is given by the equation
To perform specific calculations, it is necessary to specify the numerical values for the correlation factors γ 12 and γ 21 as well as the values for all physical constants entering Eqs.(24)-(29). In the limiting case β 11 = β 22 = 1 we obtain, apparently, the relations of the conventional quantum mechanics. In this case the energy of the ground state of Hydrogen atom (Z = 1)
for the values ε 1 = 0.510998902 MeV , ε 2 = 938.271998 Mev, and α 
Here the dimensionless quantity
is
, which gives for ME of the force f 10 = ε 
by taking as ME of the force f 10 its approximate value
Then, the expression for γ 12 reads
Note that the theory of the Hydrogen atom under consideration turns out to de indifferent in relation to the second correlation factor γ 21 due to the smallness of the coefficient 4α
. Running the values of γ 21 from γ 21 = 0.0001 to γ 21 = 1.0 yields the difference for the quantity γ 12 in the 7-th digit only. At the same time, the quantity γ 12 is extremely sensitive to the value of the Rydberg constant R ∞ hc. In particular, for the experimental value R ∞ hc=13.605 691 72 eV [14] we obtain γ 12 ≃ 2.44463 · 10 . However, if we restrict ourselves to the approximate (6 digits only) value R ∞ hc=13.605 7 eV, then γ 12 ≃ 0.19632, and for the "five-digit" approximation for the Rydberg constant R ∞ hc=13.606 eV we obtain the value γ 12 ≃ 7.3, which makes no sense within the framework of the present model ( [0 < γ 12 ≤ 1] ). In other words, in the case that the Rydberg constant turned out to be only 0.0003 eV greater, our theory had to be discarded as the one contrary to the fact.
We now turn our attention to the algebraic equation (33). We substitute into it the estimate γ 12 = γ 21 ≡ γ ≈ 2.44463 · 10 −4 found for Hydrogen atom instead of correlation factors and then rewrite this equation in the form of the polynomial in the powers of the unknown x ≡h c·f 10 ε 2 1 , i.e.,
with the coefficients a i given by 
The intersection points with the x-axis for the function ϕ(x) = a 1 x − a 2 x 2 + a 3 x MeV/fm turned out to be very close to the approximate estimate (40)f o = 1.027 321 947 815 · 10 −9 MeV/fm. As for other possible positive roots of the polynomial ϕ(x), one should take into account that their number, according to the Decarte's rule, may differ from the number of sign changes in the polynomial ϕ(x) by an even number only, hence, in the present case the number of positive roots may be 1, 3, or 5 only. However, for the above given fundamental constants there exists only one root. The deviation of the electron mass for ME of the force f 10 = f of an H-atom are given by the relation
Notice that the energy spectrum of Hydrogen-like atoms in the NOCE model depends on (n, l) due to the dependence of ME of the force f nl on the two quantum numbers n and l (see Eqs. (30) and (31)). In the non-relativistic quantum mechanics the energy of a level depends, as is known, on the principal quantum number n only, more exactly,
At the same time, in the Dirac theory it depends on the total spin j = l + s as well
The quantity ε 2 entering the definition ξ ≡ ε 1 /ε 2 is given by the formula ε 2 = A · 1e + △m12 C (see, for instance, [21] ) where A is the atomic number of the nucleus, 1e=931.441 MeV, and △m12 C is the excess of the mass on the 12 C = 12 scale given in the units of MeV.
It is clear that, before solving the algebraic equation (33), one needs to specify the correlation factors γ 12 and γ 21 corresponding to the given H-atom. For this purpose, we employ one or another reliable experimental value for the energy E nl . In doing so, ME of the force f nl are to be expressed via E nl in accordance with the equation
that is the consequence of Eqs. (33) and (44). Then, the correlation factor γ 12 , which is of importance for the theory of H-atoms, has the form
As for the second factor γ 21 , it is, as mentioned above, of no concern. For the sake of definiteness, we set, in what follows, γ 21 = γ 12 . Now we turn to specific calculations, taking as an example the H-atom 12 C which is well studied in experiments. In Ref. [20] , there are the data on the 81-st energy level of the H-atom 12 C given with accuracy ∼ 10 −4 eV. In order to determine the correlation factors, we use the experimental value [20] for the ground state energy of the H-atom E nl = E 10 = −489.9933 eV. The value of the mass of 12 C needed to determine the quantity ξ = ε 1 /ε 2 equals ε 2 ≡ c C. Fist, we find the roots of the algebraic (of the 5-th power with respect to f nl ) equation (33) for the corresponding quantum numbers n and l. After that, by using the known value of ME of the force f nl , we determine the energy E nl . In so doing, it is convenient to use Eq.(47) instead of Eq.(44),i.e.
The result of such a calculation, along with the experimental data available [20] , are given in the Table 1 . The energy levels E n,l are calculated with respect to the ground state of the Hydrogen-like atom 12 C, more exactly,
In the 3-rd, 4-th and 5-th columns, there are given the values of the deviations of the theoretical numbers for E nl , E Q.mech. n
, and E Dir.
nj in relation to the corresponding experimental value E exp. n,l,j , more exactly,
Finally, in the last column of the Table the . As is seen from the Table I, the NOCE model yields the most accurate description (average deviation from the experimental values is δE 1 ≡ i δE Among the results to be considered here, the important one, in our opinion, is the conclusion about the increase in the masses of the interacting particles, the electron and Z-nucleus. For example, while the electron mass in the Hydrogen atom is growing by 0.000388 eV only in relation to the mass of a free particle, the increase in the electron mass in the case of the H-atom 12 C is rather significant. The indirect clue for the increase in the masses of the interacting particles is present in the calculation of the energy spectrum of the H-atom 12 C based the equation (46) of the Dirac theory. Indeed, as is seen from the Tables 1 and 2 , the deviation of the theoretical numbers from the experimental values for ∆m e c 2 for all (nj)-states remains approximately constant. Therefore, by shifting the ground state (1,   1 2 ), say, by the magnitude δE 3 while holding the positions of the excited states, one can, apparently, essentially improve the description of the experimental situation. In order to fit the experimental values by E Dir.
1,1/2 , it is necessary to increase the electron mass in the 1-st term in the right-hand side of equation (46) electron mass, as dependent on the state of the H-atom 12 C under consideration, is characteristic of the NOCE model. In particular, in accordance with the NOCE model, the ratio of the quantity ∆m e c 2 for the ground 1s-state to that for the first excited 2p-state equals ∆m e c 2 (1s) ∆m e c 2 (2p)
and the same ratio for the last (9l)-state is ∆m e c 2 (1s)/∆m e c 2 (9l) ≈ 12409.672, i.e., for the highly excited states the increase in the electron mass turns out to be negligibly small as compared to ∆m e c 2 for the ground state. To conclude the examination of the energy spectrum of the levels of H-like atoms, let us briefly dwell upon the question about the orthogonality of the wave functions (26). In the NOCE model, as can be easily seen from the relation (32), the dimensionless parameter a o (Bohr radius) depends on the specific (nl)-state under consideration. For this reason some functions ψ nlm (r) may be, in general, nonorthogonal to one another, i.e., the overlap integral j nl,n ′ l ≡ ψ nlm (r)ψ nlm (r) dr = for the case of the Hydrogen atom and j 1s,2s ≈ 0.000210 for the case of the H-atom 12 C. These estimates strongly evidence that such a negligibly small value of the overlapping between the 1s-and 2s-states may hardly considerably affect the positions of these energy levels within the framework of the NOCE model.
4.

Conclusion
From the analysis performed in this work, we conclude that 1) When then particles of a microsystem interact with each other by means of a force, the postulate about the noncommutativity of the coordinate and impulse operators for a single particle necessarily effects in the noncommutativity of the coordinate and impulse operators of different particles. The generalization of the basic principle of quantum mechanics presented in this work leads us to the emergence of completely new physical behavior. One of the examples for the above mentioned is the dependence of the particle mass on the force of its interaction with other particles. The theory under consideration, as is shown in this work, establishes the limit for the matrix element of the force
beyond which the notion of "a particle" loses its sense. In this connection, an interesting analogy with the special relativity comes to mind, where the particle energy T ≡ m o v 
